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Motifs in Time Series

§ Time series express phenomenon of interest
§ Identifying motifs (patterns) in time series brings
knowledge and enables predictions
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Seismic Traces Analysis

Crossline:	100	(	951	time	series	with	462	values)
Netherlands	dataset
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Analysis of Delays in Airports

Analysis	of	delays	in	airports	according	to	time
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Buses Stops Analysis

Buses	are	sensors:	Trajectory	Data
Spatial-time	aggregation	of	buses	according	to	buses	stops

Buses	Stops	becomes	Spatial-Time	derived	sensors
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Motifs in Spatial-Time Series

§ Motifs identification and analysis in time series is being
studied during last decade
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Absence	of	studies	of	motifs	identification	
and	analysis	in	spatial-time	series
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Time Series and Sequences

Discovering Tight-Motifs in Spatial-Time Series
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Abstract

This work presents the basic formalism for motifs identification in spatial-
time series.

1. Time series definitions

Definition 1. A time series t is an ordered sequence of values in time

[1], where each t

i

is a value, |t| = m is the number of elements in t, and

t

m

is the most recent value in t.

t =< t1, t2, . . . , tm >, ti 2 R

Definition 2. The p-th sub sequence [2] of size n in a time series t, rep-

resented as t

p,n
, is an ordered sequence of values < t

p

, t
p+1, . . ., t

p+n�1 >,

where |tp,n| = n and 1  p  |t| � n.

t

p,n = subseq(t, p, n)

Definition 3. A sliding window [3] is a function sw(t, n) with argu-

ments t and n that produces a matrix W of size (|t| � n + 1) by n that

contains all sub sequences of size n of time series t. Each line in W is a

sub sequence of t of size n. Given W = sw(t, n), 8w

i

2 W, w

i

= t

i,n
.

Definition 4. Let q =< q1, q2, . . . , qn

> and t =< t1, t2, . . . , tm > be two

time series, such that |q| = n, |t| = m, and m > n. q is included in t

(q � t) i↵ 9 w

i

2 W,W = sw(t, n) | q = w

i

.

Definition 5. Given two time series q and t, q is a motif [4] with sup-

port �, i↵ q is included in t at least � times. Formally, given time series

q and t such that W = sw(t, |q|), moti f (q, t,�) $ 9 R ✓ W, such that

8w

i

2 R, w

i

= q ^ |R| � �.

2. Spatial-time series definitions

Definition 6. A spatial-time series s is an abstraction for a time series

with an associated position in space. Formally, a spatial-time series s

is a time series composed of coordinates x and y and time series t =<
t1, t2, . . . , tm >. s.x and s.y are coordinates of s, and s.t is time series

for s.
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Sliding Window
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Spatial-Time Series
2. Spatial-time series definitions

Definition 6. A spatial-time series s is an abstraction for a time series

with an associated position in space. Formally, a spatial-time series s

is a time series composed of coordinates x and y and time series t =<
t1, t2, . . . , tm >. s.x and s.y are coordinates of s, and s.t is time series

for s.

Definition 7. A spatial-time series dataset (for short, dataset) S is a

set of spatial time series {s
z

}. We define t

max

(S ) as the maximum num-

ber of observations for all spatial series s

z

inside dataset S . Formally,

t

max

(S ) = max({|s
z

.t|}),8s

z

2 S .

Assuming that spatial-time series inside a dataset are uniformly dis-
tributed in space, it is possible to define a bounding-box for them BB(x

min

(S ),
y

min

(S ),x
max

(S ),y
max

(S )). Through simple coordinates translation, we
can assume that x

min

(S ) = y

min

(S ) = 0 and x

max

(S ) = sw and y

max

(S ) =
sh. In this way, we have a bounding-box BB(0, 0, sw, sh) with size
sw ⇥ sh for dataset S .

Definition 8. Given a bounding-box BB(0, 0, sw, sh) for S with size

sw ⇥ sh, we can partition S according to spatial dimension into rect-

angular tiles RT (S ,w, h) for S with width w and height h, such that

sw = c · w, sh = d · h. The rectangular tiles partition S into c · d rect-

angles. Formally, rt

i, j 2 RT (S ,w, h), such that 1  i  c, 1  j  d and

each rt

i, j has a bounding box BB((i � 1) · w, ( j � 1) · h, i · w, j · h). Ac-

cording to this definition, each spatial-time series s

z

belongs to a single

partition rt

i, j, i.e., 8s

z

2 S ,9rt

i, j|sz

2 rt

i, j.

Definition 9. From the rectangular tiles RT (S ,w, h) and considering

that t

max

(S ) = m, we can partition S according to both spatial and time

dimensions using parallelepiped tiles PT (S ,w, h, n) for S with width w,

height h, and time interval n, such that sw = c · w, sh = d · h, and

m = e · n. Parallelepiped tiles partition S into c · d · e parallelepipeds.

Formally, pt

k,n
i, j 2 PT (S ,w, h, n), such that 1  i  c, 1  j  d, 1 

k  e and each pt

k,n
i, j has a bounding box BB((i � 1) · w, ( j � 1) · h, i ·

w, j · h) with time intervals from [(k � 1) · n + 1, k · n]. According to

this definition, each spatial-time series subsequence s

z

.tkn,n
belongs to

a single partition pt

k,n
i, j , i.e., 8s

z

.tkn,n 2 S , 1  k  m

n

, s

z

.tkn,n 2 pt

k,n
i, j .

Definition 10. Let � and  be two support values such that � � . A

time series q is a spatial-time motif in a parallelepiped pt

k,n
i, j 2 S i↵ q

is included at least � times in pt

k,n
i, j and 8s

z

.tkn,n 2 pt

k,n
i, j , q is included in

s

z

.tkn,n
, pt

k,n
i, j ✓ pt

k,n
i, j and |pt

k,n
i, j | � .

Two parallelepiped are contiguous if they are distinct and the min-
imum Manhattan (d1) distance between them is equal to 1. A spatial-
time motif is a tight motif if it is frequent in contiguous parallelepiped.

Definition 11. Let q be a spatial-time motif in a set of parallelepiped

tiles PT

q

= {pt

k,n
i, j } that q holds. q is a tight motif in PT

q

i↵ 8 pt

k,n
i, j 2 PT

q

,

9pt

k

v

,n
i

v

, j
v

2 PT

q

such that d1(pt

k,n
i, j , pt

k

v

,n
i

v

, j
v

) = 1.

2
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Spatial-Time Series Example 
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Spatial-Time Motif

2. Spatial-time series definitions

Definition 6. A spatial-time series s is an abstraction for a time series

with an associated position in space. Formally, a spatial-time series s

is a time series composed of coordinates x and y and time series t =<
t1, t2, . . . , tm >. s.x and s.y are coordinates of s, and s.t is time series

for s.

Definition 7. A spatial-time series dataset (for short, dataset) S is a

set of spatial time series {s
z

}. We define t

max

(S ) as the maximum num-

ber of observations for all spatial series s

z

inside dataset S . Formally,

t

max

(S ) = max({|s
z

.t|}),8s

z

2 S .

Assuming that spatial-time series inside a dataset are uniformly dis-
tributed in space, it is possible to define a bounding-box for them BB(x

min

(S ),
y

min

(S ),x
max

(S ),y
max

(S )). Through simple coordinates translation, we
can assume that x

min

(S ) = y

min

(S ) = 0 and x

max

(S ) = sw and y

max
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2 S ,9rt
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2 rt

i, j.
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dimensions using parallelepiped tiles PT (S ,w, h, n) for S with width w,
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Two parallelepiped are contiguous if they are distinct and the min-
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Combined Spatial-Time Series

Combined time series
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Motifs in Combined Spatial-Time Series
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SAX Indexing
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Identified Motifs in Original Spatial-Time Series

S1

S2

S3

S4

S5

-2000 

0

2000

-2000 

0

2000

-2000 

0

2000

-2000 

0

2000

bccdeedcee

bccdeedcee

bccdeedcee

cbceeceadc

cbceeceadc

cbceeceadc

cbceeceadc

bccdeedceebccdeedcee

-2000 

0

2000
bccdeedcee bccdeedcee

1

2 3

4

5

6 7

1

2

3

4

s = 7 | k = 5
s = 4 | k = 4



18

Spatial-Time Motif Ranking

Motif Word s k Spatial-Time
Motif

Motif 1 bccdeedcee 7 5 Yes

Motif 2 cbceeceadc 4 4 No

s: total motif occurrences in block
k: number of series that occurs the identified motif
Restriction Parameters:

s ≥ 5
k ≥ 3

§ Rank identified spatial-time motifs
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Algorithm

3. Combined Series Approach

This section is going to be rewritten according to the afore-
mentioned formalism.

The proposed approach to find tight motifs in spatial-time series
consists in extend the method to find univariate motifs in time series
based on random projection algorithm[5]. The first step is split the area
with spatial-time series into blocks, setting the borders and size of the
blocks based on input threshold sslice that is the number of neighbors
series in the block and tslice that is the size of time window and after
that apply to the entire data. Inside each block we combine all time
series s1.t, s2.t, ..., s

n

.t combining them into a single time series t.
In such time series t, we apply Symbolic Aggregate ApproXimation

(SAX) indexing method to transform a numeric series into indexes de-
fined by letters considering that the data are normally distributed. This
process has as input threshold the size of alphabet alpha and the size of
the string word.

From that indexed series, we apply the random projection algorithm
to identify time series motifs. The algorithm produces a list of time
series motifs and their occurrences in t that are candidates for spatial-
time motif. For each motif we verify if they occur in the same time
window in the original time series s1.t, s2.t, ..., s

n

.t. If positive, this mo-
tif is considered spatial-time motif and is included in a list of potential
tight-motifs. This process is applied to all blocks.

After that, all spatial-time motifs are aggregated to identify tight-
motifs. The result set is returned in an ordered list so that they can be
processed according to its tightness.

1: function STMotif(b, sw,w, a, bs, bt)
2: b

i

 partition(b, bs, bt)
3: for each b

i

2 b do

4: t combine(b
i

)
5: CS T M  identi f y(t)
6: S T M  S T M [ constraintS T (CS T M)
7: end for

8: rankS T M = aggregate(S T M)
9: return rankS T M

10: end function

References

[1] G. E. P. Box, G. M. Jenkins, G. C. Reinsel, Time Series Analysis: Forecasting and
Control, Wiley, Hoboken, N.J, 4 edition edition, 2008.

[2] J. L. E. K. S. Lonardi, P. Patel, Finding motifs in time series, in: Proc. of the 2nd
Workshop on Temporal Data Mining, pp. 53–68. 00337.

[3] E. Keogh, J. Lin, Clustering of time-series subsequences is meaningless: Implica-
tions for previous and future research, Knowledge and Information Systems 8 (2005)
154–177. 00367.

[4] A. Mueen, Time series motif discovery: Dimensions and applications, Wiley In-
terdisciplinary Reviews: Data Mining and Knowledge Discovery 4 (2014) 152–159.
00000.

[5] B. Chiu, E. Keogh, S. Lonardi, Probabilistic discovery of time series motifs, in: Pro-
ceedings of the ACM SIGKDD International Conference on Knowledge Discovery
and Data Mining, pp. 493–498. 00384.

3



Motifs	identifications	in	Spatial-Time	Series

Jornada de	Ciência de	Dados

CEFET/RJ

LNCC

Eduardo	Ogasawara
http://eic.cefet-rj.br/~eogasawara


